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In this paper, we investigate the inﬂuences of different environmental factors to rephasing spectra of 2D,
third-order, non-linear (2D3ONL), photon echo signals for bio-molecular aggregates by using an exact
numerical dynamics approachdthe quasi-adiabatic propagator path integral (QUAPI) method. It is
shown that the increase of temperature and coupling strength between the system and its environment
results in not only the inhomogeneous but also the homogeneous broadening of the 2D3ONL rephasing
spectra of photon echo signals. However, it is interested that the increase of dynamical memory times,
namely, the increase of the non-Markovian effects will mainly lead to the homogeneous broadening of
the spectra. The evolutions of the 2D3ONL rephasing spectra with population times are also investigated.
© 2016 The Author. Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
Two-dimensional (2D) non-linear spectroscopy is an important
tool to study the vibrations and electronic excitations of molecular
systems. It can be used to investigate the structure and dynamics of
complex systems. Numerous studies have involved 2D non-linear
spectroscopy on various types of molecular aggregates such as J-
aggregates [1] and light harvesting complexes in photosynthetic
systems [2], and some important information on the structure,
coupling, and energy transfer of these systems has been obtained
[3,4]. Therefore, it is important to carefully investigate the related
factors of inﬂuencing the 2D non-linear spectroscopy.
However, there are many factors affecting the pattern of the 2D
non-linear spectra. These factors are always described with the
model parameters, and some of them can be controlled in experi-
ments, and some others are intrinsic properties of the system and
its environments. In photon echo experiments, the inﬂuences to the
2D spectroscopy are divided into two kinds, one of which results in
the homogeneous broadening, and the other results in the inho-
mogeneous broadening.
In pigment-protein complexes, the slow motions of the protein
environment result in a static site-energy distribution, which is
called inhomogeneous broadening or static disorder. On the other
hand, the system dynamics inﬂuenced by the amplitude of the
dynamical ﬂuctuations, is known as homogeneous broadening,.V. This is an open access article uwhich essentially is induced by the coupling of the system to the
vibrational environment. However, in general it is not one to one
correspondence between the model parameters and types of
spectral broadening. In the 2D non-linear spectroscopy, the
broadening of the signal along the diagonal line (u1 ¼ u3) refers to
the homogeneous broadening, and the elongation along the diag-
onal line denotes the inhomogeneous broadening according to
Ref. [5]. It is interested that what parameters lead to the inhomo-
geneous broadening and what parameters to the homogeneous
broadening. In this paper, we will show that the increase of the
temperature and coupling strength between the system and its
environment results in not only the inhomogeneous but also ho-
mogeneous broadening. However, the increase of the non-
Markovian effects will mainly lead to the homogeneous broad-
ening of the 2D3ONL rephasing spectra of the photon echo signals.
This observation may be useful to experimentally probe the envi-
ronments of bio-molecular aggregates.
2. 2D3ONL photon echo spectroscopy
2.1. Model and dynamics method
The three-pulse photon echo experiment has been extensively
developed and applied [4,6e9]. In this kind of experiments, the
system to be studied is probed by three incident laser pulses
[10e13]. The ﬁrst pulse creates a superposition state between the
ground state and excited state, which evolves for time delays t1
until the second pulse interacts with the sample. The second pulsender the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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dynamics is recorded by the population time t2. The third pulse
interacts with the system to generate a photon echo signal, and t3
stands for the signal time. By carefully matching the phases and
directions of the input laser pulses, one can obtain the output of the
echo signals correlatedwith the ﬁrst and third pulses. Normally, the
rephasing and nonrephasing signals from the photon echo are
summed, and this sum is phased to acquire corrected rephasing and
nonrephasing spectra. However, by employing the Gradient Assis-
ted Photon Echo Spectroscopy (GAPES) technique [11], the
rephasing and nonrephasing signals from pump-probe data can be
phased independently. Thus, the experimental rephasing and
nonrephasing spectra can be compared with the calculated ones.
Here, three laser pulses projected onto the sample along k
!
1, k
!
2,
and k
!
3 , and the detected third-order non-linear response signals
along the phase-matched directions k
!
s. In the impulsive limit, the
rephasing and nonrephasing spectra are calculated as the real part
of the following double Fourier-Laplace transforms of Rr(t1,t2,t3) and
Rnr(t1,t2,t3) with respect to t1 and t3, respectively:
Ir;nr ¼
Z∞
0
dt1
Z∞
0
dt3e
iðHu1t1þu3t3ÞRr;nrðt1; t2; t3Þ: (1)
Here, Rr and Rnr(t1,t2,t3) are the rephasing ( k
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s ¼  k
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1þ
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!
3) and nonrephasing ( k
!
s ¼ k
!
1  k
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2 þ k
!
3) signals, which
are detected in experiments and can be calculated theoretically
through [14e16].
Rr;nrðt1; t2; t3Þ ¼ Tr
n
mGðt3ÞmþGðt2Þm±Gðt1ÞmHreqtotð0Þ
o
: (2)
Here, G(t) is the retarded propagator of the total system in
Liouville space, m±x ¼ ½m±; x, where mþ≡
P
m
mm0
mih0
, and
m≡
P
m
m0m
0ihm
, corresponding to dipole operator m ¼ mþþm,
and we suppose the total system to be the equilibrium state,
initially, represented with reqtotð0Þ. t1 ¼ t2  t1, t2 ¼ t3  t2, and
t3 ¼ t t3, where t1; t2, and t3 are the time points of the laser
projecting onto a sample, and t is the time point of receiving echo
signals.
In the following we investigate the rephasing spectrum by using
a two-site model. The Hamiltonian of the open system is
H ¼ Hs þ Hsb þ Hb; (3)
where Hs and Hb are the Hamiltonians of the two-site system and
its bath, and Hsb is the interaction Hamiltonian between the system
and its bath. Several kinds of theoretical methods have previously
been developed to calculate the 2D spectra through this kind of
model. The cumulant expansion method based on the standard
perturbation theory was ﬁrst introduced by Mukamel and co-
workers [8]. Later, the master equations of Redﬁeld form [17] and
modiﬁed Redﬁeld form [18] were introduced for this kinds of in-
vestigations. Recently, non-Markovian exact numerical methods,
the hierarchical equation of motion method [16,19e21], the nu-
merical path integral method [22e24], the non perturbative
method [15], and other methods [25,26] were used to investigate
the non-linear spectra. For the open systems with continuous
variables, the response functions and the 2D non-linear spectra
have also been investigated by using analytical and numerical
methods [27e31]. In this paper, we use an exact numerical dy-
namics approachdthe quasi-adiabatic propagator path integral(QUAPI) method developed by Makri's group [22,23,32e34]dto
simulate the 2D3ONL rephasing spectra of the photon echo signals
for the system. In this method we need not use the rotating wave
approximation of the Hamiltonian; namely, we set
Hsb ¼
X
i
2
4 p2i
2mi
þ 1
2
miu
2
i
XN
n¼0
 
xi 
ci~sjnihnj
miu2i
!235; (4)
in Eq. (3). Here, xi, pi, mi, and ui are the coordinates, momenta,
masses, and frequencies of the bath modes, respectively; ci are the
coupling coefﬁcients between the modes of the system and the
bath; and jn〉ðn ¼ 0;1;2Þ are the basis states corresponding to the
two-site system (where j0〉 is the ground state, and the double
excited state is not considered). If the interaction between the
system and the bath is switched on at t¼ 0, i.e., if the initial density
matrix has the product form r(0) ¼ rs(0)rb(0), the evolution of the
reduced density matrix of the system,
~r

s0s
00
; t

≡Trb
hD
s00
eiHt=Zrð0ÞeiHt=Zs0Ei; (5)
is given by the quasi-adiabatic propagator path integral expression
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(6)
It can be shown that the propagator tensor is decided not only
by the bare system propagator matrix,
K

s±k ; s
±
kþ1

¼
D
sþkþ1
eiHsDt=Zsþk EDskþ1
eiHsDt=Zsk E; (7)
but also by an inﬂuence functional,
I ¼ exp
"
 1
Z
X
k¼0
N X
k0¼0
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
hkk0s
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k0  hkk0sk0
#
: (8)
where sþN ¼ s
00
, and sN ¼ s0. The coefﬁcients hkk are given in Ref. [32].
Numerically, the inﬂuence functional is given by
I

s±n ; s
±
nþ1;…; s
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nþDkmax

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
s±n

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
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
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
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
:
(9)
Here, Iðs±n ; s±nþ1;…; s±nþDkmax Þ describes the memory effects of the
system. It is clear that, in the memory time, the memory effects are
included much more when Dkmax is larger. The length of the
memory time can be estimated by the following bath response
function
a ¼ 1
p
Z∞
0
duJðuÞ
	
coth


bZu
2

cosut  isinut

: (10)
It shows that there are different memory times when the same
Fig. 1. Real part of the response functions for the Ohmic bath at different cut-off frequencies. Here, we set the temperature T ¼ 100 K, and x ¼ 0:5. The correlation times are about
60 fsas uc ¼ 1700 cm1(a), 120 fsas uc ¼ 1400 cm1(b), and 180 fsas uc ¼ 1000 cm1(c).
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frequencies [32,35]. In Fig. 1 we plot the real part of the response
functions when the baths are described with Ohmic spectral den-
sity functions of different cut-off frequencies uc ¼ 1700 cm1 (a),
1400 cm1 (b), and 1000 cm1 (c). It can be easily seen that their
memory times are about 60,120, and 180 fs in above three cases.
Here, we set temperature T ¼ 100 K, and x ¼ 0:5 Thus, if we ﬁx the
cut-off frequency of the bath, the dynamics calculations will
include different non-Markovian effects as taking different corre-
lation times [36e38].
By using the QUAPI method and Eqs. (1) and (2), we can simu-
late the 2D3ONL rephasing spectra of the photon echo signals for
the open two-site system. Here, the system Hamiltonian is set as
Hs ¼ ½50j1〉〈1j þ 100j2〉〈2j  15j2〉〈1j  15j1〉〈2j cm1, and the
strength of the dipole is set as m01 ¼ m10 ¼ m02 ¼ m20 ¼ 1. It is should
be noted that this is not the spin-boson model, and here three
levels are included, and the three basis states are denoted by j0〉; j1〉
and j2〉. We suppose that the energy of the ground state is zero, and
there is no coupling between the ground state with other states in
the Hamiltonian. However, the laser pulses can result in dipole
transition between the ground state and the excited states. We use
the ohmic spectral density function to model the environment:
JðuÞ ¼ xueu=uc .
2.2. Results and discussions
In the following, we investigate the broadening of the 2D3ONL
rephasing spectra of photon echo signals as considering different
parameter conditions by using the QUAPI dynamics method [23].
Here, we set the time step Dt ¼ 30 fs. It has been checked that the
calculations are converged in this time step.
At ﬁrst, we plot the 2D3ONL rephasing spectra of photon echo
signals for the system in different temperature T ¼ 100 K, 200 K,
and 300 K, as other parameters are ﬁxed. Here, we choose the cut-
off frequencies of the bath uc ¼ 1400 cm1 s, population timeFig. 2. Rephasing spectra of a two-site system in different temperature T ¼ 100 K (a), 200 K (
choose the bath spectral density function as the Ohmic form with x ¼ 0:5, and uc ¼ 1400 ct2 ¼ 300 fs, and Dkmax ¼ 3. It is shown that the 2D3ONL rephasing
spectra of the photon echo signals are broadened with the increase
of the temperature. It is clear from Fig. 2 that when the temperature
increase there are not only the inhomogeneous but also the ho-
mogeneous broadening.
Secondly, we investigate the 2D3ONL rephasing spectra of the
photon echo signals for the system in different coupling coefﬁcient
x ¼ 0:2;0:4, and 0.6, when other parameters are ﬁxed as them in
Fig. 3, and the temperature is set as T ¼ 100 K. It is shown that in
these cases there are both the homogeneous and inhomogeneous
broadening, but the homogeneous broadening is much more than
the inhomogeneous broadening, see Fig. 3.
Thirdly, we investigate the 2D3ONL rephasing spectra of the
photon echo signals for the system in different cut-off frequencies
of the bath corresponding to three kind of cases plotted in Fig. 1, as
other parameters are ﬁxed as T ¼ 100 K, and x ¼ 0:5. Fig. 4 shows
the broadening of the 2D3ONL rephasing spectra when we choose
three different the cut-off frequencies as uc ¼ 1700 cm1,
1400 cm1, and 1000 cm1. As plotted in Fig. 1, the memory times
are different in the three cases. In order to include the major non-
Markovian effects, we choose Dkmax ¼ 2, 4, and 6 (see Fig. 4 (a), (b),
and (c), respectively). It is clearly shown that the homogeneous
broadening are much obvious than the inhomogeneous broadening
in the 2D3ONL rephasing spectra when only the memory time in-
crease. This observations may be use to distinguish different
environments.
Finally, we investigate the 2D3ONL rephasing spectra of the
photon echo signals for the system in different population time t2,
as the parameters h ¼ 0.5, uc ¼ 1400 cm1, temperature T ¼ 100 K,
and Dkmax ¼ 4. As expected that the signals decays with the in-
crease of the population time, see Fig. 5.
3. Conclusions
In this paper, we investigate the broadening of the 2D3ONLb), and 300 K (c), where the numerical step is set as Dt ¼ 30 fs, and t2 ¼ 300 fs. Here, we
m1, Dkmax ¼ 3.
Fig. 3. Rephasing spectra of a two-site system in different coupling coefﬁcients x ¼ 0:4 (a), 0.5 (b), and 0.6 (c), where the temperature is chosen as T ¼ 100 K. Other parameters are
the same as them in Fig. 2.
Fig. 4. Rephasing spectra of a two-site system in Dkmax ¼ 2 (a), 4 (b), and 6 (c), which correspond to uc ¼ 1700 cm1, 1400 cm1, and 1000 cm1, respectively. Here, x ¼ 0:5, and the
values of other parameters are the same as them in Fig. 3.
X.-T. Liang / Computational Condensed Matter 9 (2016) 62e66 65rephasing spectra of bio-molecular aggregates in photon echo ex-
periments. In this investigation we use an exact numerical dy-
namics approachdthe quasi-adiabatic propagator path integral
(QUAPI) method to calculate the response function and then theFig. 5. Rephasing spectra of a two-site system in t2 ¼ 30 (a), 300 (b), 900 (c), 2250 (d), 3750rephasing spectra of photon echo signals. This dynamics method is
non-Markovian and the more non-Markovian effects are included
when longer memory times are considered. It is shown that the
increase of the temperature and coupling strength between the(e), 5400 (f) fs, where x ¼ 0:5, uc ¼ 1400 cm1, temperature T ¼ 100 K, and Dkmax ¼ 4.
X.-T. Liang / Computational Condensed Matter 9 (2016) 62e6666system and its environment results in both the inhomogeneous and
homogeneous broadening. However, the increase of the memory
times will mainly lead to the homogeneous broadening of the
2D3ONL rephasing spectra of the photon echo signals, which
means that the non-Markovian effects mainly results from the
couplings of the system and the modes of its environments. The
rephasing signals of photon echo decay with the population time
increase. These observations may help us to exactly probe the bio-
molecular aggregate, its environment, and the coupling between
them.
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